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Polevo y-quantity forn uses can be calculated as This discovering allows to solve 2nd phase case as explicit
The classical capacity (CC) of lossy bosonic channels with n vy 1 v 1 ana_lytlcal relation for 1 and 2 uses pf channel, and find an-
non-Markovian memory is studied. Heuristics is found as Xn = Z g (Vk "= 5) — g (Vk " — 5)] : alytically CC forn uses expressing it through a root of one

k=1 transcedent equation depending of one variable. Also, high

a good approximation for a CC. Solution for heuristics Is

found analytically, while solution for CC itself is found N yhere ") and ") are the symplectic eigenvalues Ofotential for analytical investigation is expected appiy,

merically in general, and analytically where it is possiblggrresponding matrices and 0 a problem of other capacities.

Phase transition effects in the context of bosonic channels Case of 3rd phase gives the same as Holgvber the case

with memory are also discussed. g(z):=(z+1)log, (x+1) — zlog, x. of 2nd phase whea. < 0 (in original equation) we have

| ntroduction CC forn usesC), and for infinite use¢’' can be calculated = . B = |
2N + 1)+ (1 —n)er NE2N +1)+ (1 —n)er

A lot of real-world quantum channels can imply a strongBs
correlated noise (memory) between uses of the channel.
Recently a lot of efforts have been dedicated to the develop-

ment of quantum models that encompass memory eﬁegfgnjectures used to calculate the CC: Multiple usesof LBC

The main motivation that has led to investigate such effects ® CC for LBC can be achieved on Gaussian states. @he case of multiple uses can be solved completely

In quantum channels has been the possibility to enhancee Maximizing of Holevos overV,,, V;, leads to a CC for analagously to 1 use case. Explicit analytical solution is

Cn: max ﬁ O:maxcn. ZF:E—l_\/EQ—I_B, Zrzl/(lllf), CF:2N+1—iT—iF.
VaVal n° n—00

their CC by means of entangled inputs. Such a possibilitymemorychannel also. possible only whe, c,. > 0 for Vk:

has been recently put forward in channels with continuous ¢ a|| blocks V.. of matrix i i
' ' " Ir ‘/env 1

alphabet. These make use of bosonic field modes whose C,=g|nN+(1—n) ( )

phase space quadratures enable for continuous variable en- Vo Vir Vig ! 2n 2)

coding/decoding. Since the notion of capacity is intimatel A\ Vg Vi 1

kf:m — (/e — 1/2)

relat_ed with Fhe asymptotic behavior of a channel, there i_s & ommute each with other. One can shibxat this conjec- n
ﬁgil;se'; f&;vg'esrhotfocr;;:re]e?r:ggg i?:llgtgsg?goesggygig;?\-et re IS sufficien_to always reach CC on commuti@ch Fn the general case applying heuristicapproach we get
(LBC), which consists of a collection of bosonic modes thatWIth other matrices’,, Vi andVe,, therefore all matrices the following transcedent equation on variabiethis is
| ’ . . —used below considered in diagonalized form. simply equation of modes balance):

ose energy en route from the transmitter to the receiver,
belongs to the class of Gaussian channels which provg%e use of LBC

a fertile tfestmg gr.ound for the general theory of quantu@bitrary covariance matrices can be represented in R/f\]/ﬁ .
channels’ capacities [1] and are easy to implement experl: . ereTry o, .20 Stands for summation over all 1stand 2nd

mentally [2]. phase quadratures except of thdbr which¢,; = 0. Pa-

_ . B e’ ( B e’ ( rameters:; Is amount of modes which belongAth phase.
General theory, notations and conjectures Vony = (Nenw+1/2) (o eS> Vi = (Nt 1/2) (0 e?“> " Vi, = Vi, + V. In explicit way

%eneral scheme of LBC is depicted in Fig. 1. Each input | | B

mode (left-right line), representing one use of the chann&C €an be found in general using Karush-Kuhn-TUCkeTy(, o, ., Viy = 2n(N +1/2) — 13 — Y je2,,je,—0 iri (),
interacts with the corresponding environment mode (tofi<KT) conditions (generalization of Lagrange multipliers ipi(z) = Lo (\/1 + 20/ Fr; — 1) | B, =1
bottom line) through a beam-splitter with transmissivity Method to include inequalities, which appear due to uncer- ! e
To introduce memory effects, environment modes are if!Nty relation). KKT showshat CC is always achieved onAlso, n = ni + na + ns.

i Tf{l,zjc,.ﬁé()} Vin + (1—mn) Tr{l,Q]cm-#O} Ve = (211 + no)z,

tially considered in a correlated state. pureinput statel’,. In this paragraph we omit indéxfor KT equations gives the chain:
eigenvalues of matrices as we have only 1-use case.
C ENVIRONMENT ) T = Ay = Qg = Ay = Qg = - - -
Holevo-y case — Qg = Lpk — 4 = aj —
gk = Ok~ Upj = Opj~. R
5 \k - Maximizing Holevoy overVi,, V., we found the following. gk pj
N - | Suppose, that eigenvalues are the next: Here modes:, m € 1,, while k,j € 2., wherec,, = 0
= ! - . . ! ..
2 — > | & 11 60 1 ! andc,; = 0. This chain allows express to CC in explicit
Z. ! - q . : ! e :
= L N o | C cqg =N+ 5 9\. T35 ( - 77) (g — €p), way as a function of. In spite of quite difficult analytical
| - L P . " expressions which can be obtained by this approach they
\__/ — \ AN, c, =N+ 5~ 5\/§ -+ 5 (1 — —) (e) — €g), essentially simplify numerical calculation of capacity.
. e . €q 'l
Figure 1. The model for alossy bosonic channel. | i :1 & i :1 A O-model
@ny state can be labeled as or V as all states in- To2Ve) P2V e, @s particular case of matrix.,, one can consider
volved are multimode squeezed Gaussian ones. The next o i
on x 2n covariance matrices [quadratic forms on vectos both ¢y, ¢, > 0 we have acase of 3rd phasand explicit V. = 1lexp(s2) 0 |
(q1,-- .. qu. 1. ..,pn) ] @and their eigenvalues are stateéelation for capacity: 2] 0 exp(=sQ)
for:
o C' = glyN+(1=n)((Naw+1/2) cosh(s)=1/2)] =g [(1-1) Nowy] WHETE 01 0\
oV, i, -inputstate U e
V.. ¢, - environment state Jf somec, according to previous relations is negative we 10 1T ... 0
o e _have acase of 2nd phas¢henc, = 0, ¢; = 2N + 1 — i, — 1010
o V./2, c,i./2 - classical distribution of coherent ampli-, , - | @ phas c ¢ + b Q=1
1/(44,), iz = 1/(44,) ands, can be found as the solution of R
tudea. . o e ]
the transcedent equation b et
® Vouty Ork ~ OUtpUt state \O 0...... 1 0 )
1/ ' ' Uy — Uy \/ ArQy +1/2 OFir - Ofrif \/ OrOr +1/2 - e :
oV ut, 4 - OUtPUL State avaraged over classical distri- log, 1/ 5= log, 1/ > CC for infinite uses for such LBCI{,, is entangled) and
bution (encoding of informationiy, Vara, 7 y/aa — 1/ by OrOr Voror — 1/ for the case ofV > s is
Indicesk = 1,....n, andr = ¢, p. Also, let us introduce No any explicit relation for CC can be found in this case. 1
formal rule: ifr = ¢, 7 = p and vice versa. The third possibility is bott,, c, < 0, which is acase of C=g [UN + 5(1 —n)(Lo(25) — 1)] :
Classical variablex is encoded via random displacementtst phasehowever, it exists for 1 use only in degenerated _ |
of a Gaussian seed statg, that is form: ¢, = 0, ¢, = 0 what corresponds & = 0,C = 0. What clearly shows growth of CC with growing degree of
T Thus, starting fromV = 0 and increasing it we pass 31€Morys.
Py = {®?:1Dj(aj)} Pin {®?:1Dj(@j)} - phases and 2 phase transitions.
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